Abstract First, we briefly review the Coset Space Dimensional Reduction scheme and the results of the best model so far. Then, we present the introduction of fuzzy coset spaces used as extra dimensions and perform a dimensional reduction. In turn, we describe a construction which mimics the results of a reduction, starting from a 4-dimensional theory and we present a successful example of a dynamical generation of fuzzy spheres. Finally, we propose a construction of the 3-d gravity as a gauge theory on specific non-commutative spaces.
Introduction
During the last decades, the unification of all the fundamental interactions has attracted the interest of theoretical physicists. The aim of unification led to a number of approaches and among them those that elaborate the notion of extra dimensions are particularly appealing. A consistent framework employing the idea of extra dimensions is superstring theories [1] with the Heterotic String [2] (defined in ten dimensions) being the most promising, due to the possibility that in principle could lead to experimentally testable predictions. More specifically, the compactification of the 10−dimensional spacetime and G. Manolakos Physics Dept, Nat. Technical University, 157 80 Zografou, Athens, Greece, e-mail: gmanol@central.ntua.gr G. Zoupanos -Physics Dept, Nat. Technical University, 157 80 Zografou, Athens, Greece -Max-Planck Institut für Physik, Föhringer Ring 6, D-80805 München, Germany, e-mail: George.Zoupanos@cern.ch the dimensional reduction of the E 8 × E 8 initial gauge theory lead to phenomenologically interesting Grand Unified theories (GUTs), containing the SM gauge group.
A few years before the development of the superstring theories, another important framework with similar aims was employed, namely the dimensional reduction of higher-dimensional gauge theories. Pioneers in this field were Forgacs-Manton and Scherk-Schwartz studying the Coset Space Dimensional Reduction (CSDR) [3, 4, 5] and the group manifold reduction [6] , respectively.
In both approaches, the higher-dimensional gauge fields are unifying the gauge and scalar fields, while the 4−dimensional theory contains the surviving components after the procedure of the dimensional reduction. Moreover, in the CSDR scheme, the inclusion of fermionic fields in the initial theory leads to Yukawa couplings in the 4−dimensional theory. Furthermore, upgrading the higher-dimensional gauge theory to N = 1 supersymmetric, i.e. grouping the gauge and fermionic fields of the theory into the same vector supermultiplet, is a way to unify further the fields of the initial theory, in certain dimensions. A very remarkable achievement of the CSDR scheme is the possibility of obtaining chiral theories in four dimensions [7, 8] .
The above context of the CSDR adopted some very welcome suggestions coming from the superstring theories (specifically from the Heterotic String [2] ), that is the dimensions of the space-time and the gauge group of the higher-dimensional supersymmetric theory. In addition, taking into account the fact that the superstring theories are consistent only in ten dimensions, the following important issues have to be addressed, (a) distinguish the extra dimensions from the four observable ones by considering an appropriate compactification of the metric and (b) determine the resulting 4−dimensional theory. In addition, a suitable choice of the compactification manifolds could result into N = 1 supersymmetric theories in four dimensions, aiming for a chance to lead to realistic GUTs.
Requiring the preservation of N = 1 supersymmetry after the dimensional reduction, Calabi-Yau (CY) spaces serve as suitable compact, internal manifolds [9] . However, the emergence of the moduli stabilization problem, led to the study of flux compactification, in the context of which a wider class of internal spaces, called manifolds with SU (3)−structure, was suggested. In this class of manifolds, a non-vanishing, globally defined spinor is admitted. This spinor is covariantly constant with respect to a connection with torsion, versus the CY case, where the spinor is constant with respect to the Levi-Civita connection. Here, we consider the nearly-Kähler manifolds, that is an interesting class of SU (3)−structure manifolds [10, 11, 12, 13] . The class of homogeneous nearly-Kähler manifolds in six dimensions consists of the non-symmetric coset spaces G 2 /SU (3), Sp(4)/(SU (2) × U (1)) non−max , SU (3)/U (1) × U (1) and the group manifold SU (2) × SU (2) [13] (see also [10, 11, 12] ). It is worth mentioning that 4−dimensional theories which are obtained after the dimensional reduction of a 10−dimensional N = 1 super-symmetric gauge theory over non-symmetric coset spaces, contain supersymmetry breaking terms [14, 15] , contrary to CY spaces.
Another very interesting framework which seems to be a natural arena for the description of physics at the Planck scale is the non-commutative geometry [16] - [38] . Regularizing quantum field theories, or even better, building finite ones are the features that render this approach as a promising framework. On the other hand, the construction of quantum field theories on non-commutative spaces is a difficult task and, furthermore, problematic ultraviolet features have emerged [20] (see also [21] and [22] ). However, noncommutative geometry is an appropriate framework to accommodate particle models with non-commutative gauge theories [23] (see also [24, 25, 26] ).
It is remarkable that the two frameworks (superstring theories and noncommutative geometry) found contact, after the realization that, in M-theory and open String theory, the effective physics on D-branes can be described by a non-commutative gauge theory [27, 28] , if a non-vanishing background antisymmetric field is present. Moreover, the type IIB superstring theory (and others related with type IIB with certain dualities) in its conjectured non-perturbative formulation as a matrix model [29] , is a non-commutative theory. In the framework of non-commutative geometry, of particular importance is the contribution of Seiberg and Witten [28] , which is a map between commutative and non-commutative gauge theories and has been the basis on which notable developments [30, 31] were achieved, including the construction of a non-commutative version of the SM [32] . Unfortunately, such extensions fail to solve the main problem of the SM, which is the presence of many free parameters.
A very interesting development in the framework of the non-commutative geometry is the programme in which the extra dimensions of higher -dimensional theories are considered to be non-commutative (fuzzy) [33] - [38] . This programme overcomes the ultraviolet/infrared problematic behaviours of theories defined in non-commutative spaces. A very welcome feature of such theories is that they are renormalizable, versus all known higher-dimensional theories. This aspect of the theory was examined from the 4−dimensional point of view too, using spontaneous symmetry breakings which mimic the results of the dimensional reduction of a higher-dimensional gauge theory with non-commutative (fuzzy) extra dimensions. In addition, another interesting feature is that in theories constructed in this programme, there is an option of choosing the initial higher-dimensional gauge theory to be abelian. Then, non-abelian gauge theories result in lower dimensions in the process of the dimensional reduction over fuzzy coset spaces. Finally, the important problem of chirality in this framework has been successfully attacked by applying an orbifold projection on an N = 4 SYM theory. After the orbifolding, the resulting theory is an N = 1 supersymmetric, chiral SU (3)
3 . Another interesting aspect is the study of gravity as a gauge theory on non-commutative spaces. The first and strong motivation came from Witten's work [39] , that (classical) 3−d gravity with or without cosmological constant can be described as a (renormalizable) gauge theory of the isometry group of dS/AdS or Minkowski spacetime, respectively. Having already the know-how from previous works mentioned above, namely the construction of gauge theories on non-commutative spaces as extra dimensions, motivated us to study 3−d gravity as a gauge theory on non-commutative spaces. At first, one has to determine suitable manifolds and then gauge their isometry groups, resulting with the transformations of the gauge fields and the curvature tensors. Then, one should propose an action and eventually, end up with the equations of motion [40] . Our long-term goal is to obtain a 4−d theory of gravity, hopefully with improved ultraviolet properties.
Reduction of a D-dimensional theory
An obvious and naive way to dimensionally reduce a higher-dimensional gauge theory is to consider all fields of the theory to be independent of the extra coordinates (trivial reduction), meaning that the Lagrangian will be independent as well. In contrast, a much more elegant way is the consideration of non-trivial dependence, that is a symmetry transformation on the fields by an element that belongs to the isometry group, S, of the compact coset space, B = S/R, formed by the extra dimensions will be a gauge transformation (symmetric fields). Therefore, the axiomatic consideration of gauge invariance of the Lagrangian, renders it independent of the extra dimensions. The above method of getting rid of the extra dimensions consists the basic concept of the CSDR scheme [3, 4, 5] .
CSDR of a D-dimensional theory
We consider the action of a D−dimensional YM theory of gauge group G, coupled to fermions defined on M D with metric g MN :
where 
where W A depend only on internal coordinates y and D(W A ) is the gauge transformation in the corresponding representation, in which the fields are assigned. Solving the constraints (2)- (4), one is led to [3, 4] the unconstrained 4−dimensional fields, as well as to the 4−dimensional gauge symmetry.
We proceed with the process of the constraints of the fields of the theory. Gauge field A M on M D splits into its components as (A µ , A α ) corresponding to M 4 and S/R, respectively. Solving the corresponding constraint, (3), we get informed as follows: The 4−dimensional gauge field, A µ , does not depend on the coset space coordinates and the 4−dimensional gauge fields commute with the generators of the subgroup R ∈ G. This means that the remaining gauge symmetry, H, is the subgroup of G that commutes with R, that is the
, transform as scalars in the 4−dimensional theory and φ α (x, y) act as interwining operators connecting induced representations of R acting on G and S/R. In order to find the representation of scalars in the 4−dimensional theory, one must decompose G according to the following embedding:
and S under R:
We conclude that for every pair r i , s i , where r i and s i are identical irreducible representations of R, there exists a remaining scalar (Higgs) multiplet, transforming under the representation h i of H. The rest of the scalars vanish. As for the spinors [4, 7, 8, 41] , the analysis of the corresponding constraint, (4), is similar. Solving the constraint, one finds that spinors in the 4−dimensional theory do not depend on the coset coordinates and act as interwining operators connecting induced representations of R in SO(d) and in G. To obtain the representation under H of the fermions in the 4−dimensional theory, one has to decompose the initial representation F of G under the
and the spinor of SO(d) under R:
Concluding, for each pair r i and σ i , with r i and σ i being identical irreducible representations, there exists a multiplet, h i of spinor fields in the 4−dimensional theory. If one considers Dirac fermions in the higherdimensional theory, it is impossible to result with chiral fermions in four dimensions. But, if one imposes the Weyl condition in the chiral representations of an even (in an odd higher-dimensional theory Weyl condition cannot be applied) higher-dimensional theory, eventually, one is led to a chiral 4−dimensional theory. The most interesting case is the D = 2n + 2 higher dimensional theory, in which fermions are in the adjoint representation and the Weyl condition leads to two sets of chiral fermions with the same quantum numbers under H of the 4−dimensional theory. Imposing the Majorana condition, the doubling of the fermionic spectrum is lifted. In the case of D = 4n + 2 -the case of our interest-, the two conditions are compatible.
The 4−dimensional effective action
We proceed with determining the 4−dimensional effective action. The first thing to do is the compactification of the space M D to M 4 × S/R, with S/R a compact coset space. After the compactification, the metric of the M D will take the following form:
where η µν is the mostly negative metric of the 4−dimensional Minkowski spacetime and g ab is the metric of the coset space. Replacing (9) into the action, (1), and taking into account the constraints of the fields, we obtain:
where
2 θ abc Σ bc the connection of the space and C the volume of the space. The potential, V (φ), is given as follows:
where, A = 1, ..., dimS and f 's are the structure constants of the Lie algebra of S. The constraints of the fields, (2)- (3), dictate that scalar fields, φ a , have to satisfy the following equation:
where φ i are the generators of R G . This means that some fields will be cut, while others will survive after the reduction scheme and will be identified as the genuine Higgs fields. The potential, V (φ), expressed in terms of the scalars that passed the filter of the constraints (the Higgs fields), is a quartic polynomial, invariant under the 4−dimensional gauge group, H. Then, one has to determine the vacuum (minimum of the potential) and find out the remaining gauge symmetry [42, 43, 44] . In general, this is a tough procedure. However, there is a specific case in which one may result with the remaining symmetry, after the spontaneous symmetry breaking of H, very easily, in case the following criterion is satisfied. Whenever S has an isomorphic image S G in G, then the 4−dimenisonal gauge group H breaks spontaneously to a subgroup K, where K is the centralizer of S G in the gauge group of the initial, higher-dimensional, theory, G [4, 42, 43, 44] . This is demonstrated in the following scheme:
The potential of the resulting 4−dimensional gauge theory is always of spontaneous symmetry breaking form, when the coset space is symmetric 1 . It is rather unpleasant, that in this case, after the application of the reduction scheme, the fermions obtained are supermassive -as in the Kaluza-Klein theory-.
Let us now demonstrate some results coming from the dimensional reduction of the N = 1, E 8 SYM over the nearly-Kähler manifold SU (3)/U (1) × U (1). The 4−dimensional gauge group is obtained by decomposing E 8 under R = U (1) × U (1), as follows:
Satisfying the criterion mentioned above, the resulting 4−dimensional gauge group is:
The decomposition of the adjoint representation of E 8 , the 248, under U (1) A × U (1) B gives the surviving scalar and fermion fields. After the application of the CSDR rules, one obtains the resulting 4-dimensional theory, which is an N = 1, E 6 GUT, with U (1) A , U (1) B global symmetries. The potential is determined after a lengthy calculation found in ref [15] . Apart from the F − and D− terms contributing to this potential, one can determine also scalar masses and trilinear scalar terms, identified with the scalar part of the soft supersymmetry breaking sector of the theory. In addition, the gaug- ino becomes massive, receiving a contribution from the torsion, unlike the rest soft supersymmetry breaking terms. It is worth-noting that the CSDR scheme leads straight to the soft supersymmetry breaking sector without any additional assumption. Further breaking of the E 6 GUT is achieved by the Wilson flux mechanism. Details for the present case can be found in ref [12] . The theory derived is a softly broken N = 1, chiral SU (3) 3 theory which can be further broken to an extension of the MSSM.
Fuzzy spaces
A particularly interesting framework, in which particle (and gravity) models can be built on, is non-commutative geometry. For now, we focus on the fuzzy spaces (non-commutative spaces defined as matrix approximations of continuous manifolds), which will be used as extra dimensions in a higher dimensional theory. In this section we give details about the definition of a specific fuzzy space, the fuzzy sphere and the differential calculus on it. Then, we briefly present how to do gauge theory on this matrix-approximated sphere, concluding all the necessary information for the applications of the next section.
The Fuzzy sphere
We will introduce the fuzzy sphere, S 2 N [18] , through a modification of the familiar, ordinary sphere S 2 , which is considered as a manifold embedded into the 3−dimensional Euclidean space, R 3 . This embedding allows the specification of the algebra of functions on S 2 through R 3 , by imposing the constraint
where x a are the coordinates of R 3 and R the radius of the sphere. The isometry group of S 2 is a global SO (3), generated by the three angular momentum operators, L a = −iǫ abc x b ∂ c , due to the isomorphism SO(3) ≃ SU (2). Writing the three generators, L a , in terms of the spherical coordinates θ, φ, they are expressed as L a = −iξ α a ∂ α , where the greek index, α, denotes the spherical coordinates and ξ α a are the components of the Killing vector fields, which generate the isometries of the sphere 2 . The operator defined as: 2 The S 2 metric can be expressed in terms of the Killing vectors as
has the spherical harmonics, Y lm (θ, φ) as eigenfunctions. In order to calculate the eigenvalues of L 2 , one has to act on Y lm (θ, φ):
with l being a positive integer. The eigenfunctions Y lm (θ, φ) satisfy the orthogonality condition:
Y lm (θ, φ) form a complete and orthogonal set of functions, therefore any function on S 2 can be expanded on them:
where a lm are complex coefficients. In an alternative way, spherical harmonics can be expressed in terms of the coordinates x a , as:
where f lm a1...a l is an l−rank (traceless) symmetric tensor. Let us now modify the above, in order to obtain the fuzzy version of S 2 . Fuzzy sphere is a typical case of a non-commutative space, meaning that functions do not commute, contrary to the S 2 case, with l having an upper limit. Therefore, this truncation yields a finite dimensional (non-commutative) algebra, l 2 dimensional. Thus, it is natural to consider the truncated algebra as a matrix algebra and it is consistent to consider the fuzzy sphere as a matrix approximation of the S 2 . According to the above, N -dimensional matrices are expanded on a fuzzy sphere as:
whereŶ lm are spherical harmonics of the fuzzy sphere, given by :
where:
where λ (N ) a are the SU (2) generators in the N -dimensional representation and f lm a1...a l is the same tensor, used in (21) . TheŶ lm also satisfy the orthonormality condition:
Moreover, there is a correspondence between the expansion of a function, (20) , and that of a matrix, (22) , on the ordinary and the fuzzy sphere, respectively:
The above obviously maps matrices to functions. The introduction of the fuzzy sphere as a truncation of the algebra of functions on S 2 , suggests, as a natural choice (but not unique), the consideration of the same a lm . The above is a 1 : 1 mapping given by ref [45] :
while the matrix trace is mapped to an integral over the sphere:
To sum up, the fuzzy sphere is a matrix approximation of S 2 . The price one has to pay for the truncation of the algebra of functions is the loss of commutativity, yielding the non-commutative algebra of matrices, Mat(N ; C). Therefore, the fuzzy sphere, S 2 N , is the non-commutative manifold withX a being the coordinate functions. As given by (24) ,X a are N × N hermitian matrices produced by the generators of SU (2) in the N −dimensional representation. It is obvious that they have to obey both the condition:
which is the equivalent of (16) and the commutation relation:
It is equivalent to consider the description of the algebra on S N by the antihermitian matrices:
also satisfying a variation of (29), (30):
where C abc = 1 R ǫ abc . Let us proceed by giving a short description of the differential calculus on the fuzzy sphere, which is 3−dimensional and SU (2) covariant. The derivations of a function f , along X a are:
and, consequently, the Lie derivative on f is:
where L a obeys both the Leibniz rule and the commutation relation of the
Working with differential forms, let θ a be the 1−forms dual to the vector fields e a , namely e a , θ b = δ b a . Therefore, the action of the exterior derivative, d on a function f , gives:
while the action of the Lie derivative on the 1−forms θ b gives:
The Lie derivative obeys the Leibniz rule, therefore action on any 1−form ω = ω a θ a gives:
where we have applied (34) and (37) . Therefore, one obtains the result:
After the description of the differential geometry of the fuzzy sphere, one could move on to the study of the differential geometry of M 4 × S 
where A µ , A a depend on x µ and X a coordinates.
In addition, instead of functions, one may consider spinors on the S 
Gauge theory on fuzzy sphere
Let us consider a field φ(X a ) on the S 2 N , depending on the powers of X a [46] . The infinitesimal transformation of φ(X a ) is given by:
where λ(X) is the gauge parameter. If λ(X) is an antihermitian function of X a , the (41) is an infinitesimal (abelian) U (1) transformation, while if λ(X) is valued in Lie(U (P )) (the algebra of P × P hermitian matrices), then (41) is the infinitesimal (non-abelian), U (P ). Also, δX a = 0, that is a condition which ensures the invariance of the coordinates under a gauge transformation. Therefore, the left multiplication by a coordinate is not a covariant operation:
and in general it holds that:
Inspired by the non-fuzzy gauge theory, one may proceed with the introduction of the covariant coordinates, φ a , such that:
which holds if:
Usual (non-fuzzy) gauge theory also suggests the definition:
with A a being interpreted as the gauge potential of the non-commutative theory. Therefore, the covariant coordinates, φ a , are the non-commutative analogue of the covariant derivative encountered in ordinary gauge theories.
From (45), (46), one is led to the gauge transformation of A a :
a form that encourages the interpretation of A a as a gauge field. Then, it is natural to define a field strength tensor, F ab , as:
It can be proven that the field strength tensor transforms covariantly:
4 Dimensional reduction of higher-dimensional theory with fuzzy extra dimensions
In this section we present the ordinary (naive) dimensional reduction of a higher-dimensional theory with fuzzy extra dimensions and the coset space dimensional reduction, adjusted to the non-commutative framework.
Ordinary fuzzy dimensional reduction
Let us now apply the structure of the previous section, considering a higherdimensional theory with fuzzy extra dimensions and then perform a simple (trivial) dimensional reduction. The higher-dimensional theory is defined on M 4 × (S/R) F , with (S/R) F a fuzzy coset, e.g. the fuzzy sphere, S 2 N , with symmetry governed by the gauge group G = U (P ). The Y-M action is:
with tr G the trace over the generators of the gauge group, G, and kTr 3 the integration over (S/R) F , i.e. the fuzzy coset described by N ×N matrices and F MN the higher-dimensional field strength tensor, which is composed of both 4−dimensional spacetime and extra-dimensional parts, i.e. (F µν , F µa , F ab ). The fuzzy extra-dimensional components of F MN are expressed in terms of the covariant coordinates φ a :
Replacing the above equations in (50), the action becomes:
where V (φ) is the potential, derived from the kinetic term of F ab , that is
The (51) admits a natural interpretation as an action of a 4−dimensional theory. Let λ(x µ , X a ) be the gauge parameter of an infinitesimal gauge transformation of G. This transformation can be viewed as a M 4 gauge transformation:
where T I denote the hermitian generators of the gauge group U (P ) and λ I (x µ , X a ) are the N ×N antihermitian matrices, which means that they can be expressed as λ I,h (x µ )T h , where T h are the antihermitian generators of U (N ) and λ I,h (x µ ), h = 1, . . . , N 2 , are the Kaluza-Klein modes of λ I (x µ , X a ). In turn, we can assume that the fields on the right hand side of (53) could be considered as a field valued in the tensor product Lie algebra Lie (U (N )) ⊗ Lie (U (P )), that is the algebra Lie (U (N P )). Similar consideration applies for the the gauge field A ν , too:
which can be regarded as a gauge field on M 4 taking values in the Lie (U (N P )) algebra. A similar consideration can be applied for the scalars, too 4 . A very important feature of the above structure is the enhancement of the gauge symmetry of the 4−dimensional theory as compared to the symmetry of the starting, higher-dimensional theory. Specifically, one may choose to start with abelian gauge group in higher dimensions and result with a non-abelian gauge symmetry in four dimensions. An undesirable result is that the scalars are accommodated in the adjoint representation of the 4−dimensional gauge group, meaning that they cannot trigger the electroweak symmetry breaking. In order to overcome this drawback, one should try to employ an alternative dimensional reduction.
Fuzzy CSDR
There is an alternative way to obtain a 4−dimensional gauge theory from a higher-dimensional theory. This is realized by performing a non-trivial dimensional reduction, which, in our case, is the CSDR, modified as it must, since the extra dimensions are now fuzzy coset spaces [33] 5 .
We begin by presenting the similarities of the two reduction schemes: CSDR and fuzzy CSDR. The first similarity is that fuzziness does not affect the isometries and the second one is that gauge couplings defined on both spaces have the same dimensionality.
A major difference between fuzzy and ordinary CSDR is that the 4− dimensional gauge group appearing in the ordinary CSDR after the geometrical breaking and before the spontaneous symmetry breaking -due to the 4−dimensional Higgs fields-does not appear in the fuzzy CSDR. In the latter, the spontaneous symmetry breaking takes already place by solving the fuzzy CSDR constraints and the 4−dimensional potential appears already shifted to a minimum. Therefore, in four dimensions, appears only the physical Higgs field that survives after a spontaneous symmetry breaking. Correspondingly, in the Yukawa sector of the theory we have results of the spontaneous symmetry breaking, i.e. massive fermions and Yukawa interactions among fermions and the physical Higgs field. We conclude that if one would like to describe the spontaneous symmtery breaking of the SM in the present framework, then one would be naturally led to large extra dimensions. Another fundamental difference between the two CSDR reductions is the fact that a non-Abelian gauge group, G, is not required in many dimensions. Indeed, it turns out that the presence of a U (1) in the higher-dimensional theory is enough to obtain non-Abelian gauge theories in four dimensions. Another fundamental difference as compared to all known theories defined in more than four dimensions is that the present ones are renormalizable. For technicalities, one should consult the original paper or some review papers [33] .
Orbifolds and fuzzy extra dimensions
The involvement of the orbifold structure (similar to the one developed in [48] ) in the framework of gauge theories with fuzzy coset spaces as extra dimensions, was suggested in order to obtain chiral low-energy theories. In order to support the renormalizability of the theories constructed so far using fuzzy extra dimensions the reverse procedure was considered, that is to start from a renormalizable theory in four dimensions and reproduce the results of a higher-dimensional theory reduced over fuzzy coset spaces [34, 35, 36] . This idea was realized as follows: one starts with a gauge theory in four dimensions with an appropriate set of scalar fields and a suitable potential, which leads to vacua that could be identified as -dynamically generated-fuzzy extra dimensions, including a finite Kaluza-Klein tower of massive modes. This reverse procedure is targeting at proving that an initial abelian gauge theory does not have to be considered in higher dimensions, with the nonabelian gauge theory structure emerging from fluctuations of the coordinates [49, 50] . The whole idea share some similarities with the idea of dimensional deconstruction, introduced earlier [51, 52] .
Then, there was an attempt to include fermions, but the best one could achieve (for some time) contained mirror fermions in bifundamental representations of the low-energy gauge group [35, 36] . Although mirror fermions do not exclude the possibility to make contact with phenomenology [53] , it is preferable to result with exactly chiral fermions.
In the following, we are going to deal with the Z 3 orbifold projection of the N = 4 Supersymmetric Yang Mills (SYM) theory [54] , studying the action of the discrete group on the fields of the theory and the emerging superpotential in the projected theory [37] .
N = 4 SYM field theory and Z 3 orbifolds
Let us consider an N = 4 supersymmetric SU (3N ) gauge theory defined on the Minkowski spacetime with a particle spectrum of the theory (in the N = 1 terminology) that consists of an SU (3N ) gauge supermultiplet and three adjoint chiral supermultiplets Φ i , i = 1, 2, 3. The component fields of the above supermultiplets are the gauge bosons, A µ , µ = 1, . . . , 4, six adjoint real (or three complex) scalars φ a , a = 1, . . . , 6 and four adjoint Weyl fermions ψ p , p = 1, . . . , 4. The scalars and Weyl fermions transform according to the 6 and 4 representations of the SU (4) R R-symmetry of the theory, respectively, while the gauge bosons are singlets. For the introduction of the orbifolds, the discrete group Z 3 has to be considered as a subgroup of SU (4) R . The Z 3 is not embedded into SU (4) R in a unique way with the options not being equivalent, since the choice of embedding affects the amount of the remnant supersymmetry [48] :
• Maximal embedding of Z 3 into SU (4) R would lead to non-supersymmetric models, therefore it is excluded. • Embedding Z 3 in a subgroup of SU (4) R : -Embedding into an SU (2) subgroup would lead to N = 2 supersymmetric models with SU (2) R R-symmetry. -Embedding into an SU (3) subgroup would lead to N = 1 supersymmetric models with U (1) R R-symmetry.
We focus on the last embedding, which gives the desired remnant supersymmetry. Let us consider a generator g ∈ Z 3 , labeled (for convenience) by three integers a = (a 1 , a 2 , a 3 ) [55] satisfying the relation
The last equation implies that Z 3 is embedded in the SU (3) subgroup, i.e. the remnant supersymmetry is the desired N = 1 [56] . Since the various fields of the theory transform differently under SU (4) R , Z 3 will act non-trivially on them. Gauge and gaugino fields are singlets under SU (4) R , therefore the geometric action of the Z 3 rotation is trivial. The action of Z 3 on the complex scalar fields is given by the matrix γ(g) ij = δ ij ω ai , where ω = e 2π 3 and the action of Z 3 on the fermions φ i is given by γ(g) ij = δ ij ω bi , where 6 . In the present case, the three integers of the generator g are (1, 1, −2), meaning that a i = b i . The matter fields are not gauge invariant, therefore Z 3 acts on their gauge indices, too. The action of this rotation is given by the matrix
There is no specific reason for these blocks to have the same dimensionality (see e.g. [57, 58, 59] ). However, it is the same, because the projected theory must be free of anomalies. After the orbifold projection, the spectrum of the theory consists of the fields that are invariant under the combined action of the discrete group, Z 3 , on the "geometric"
7 and gauge indices [55] . As for the gauge bosons, the projection is A µ = γ 3 A µ γ (57) , demonstrating the N = 1 remnant supersymmetry. It is notable that the representations (57) of the resulting theory are anomaly free. So, in a nutshell, fermions are accommodated into chiral representations of H, divided into three generations since the particle spectrum contains three N = 1 chiral supermultiplets.
The interactions of the projected model are included in the superpotential. To specify it, one has to start with the superpotential of the N = 4 SYM theory [54] :
6 Also modulo 3 7 In case of ordinary reduction of a 10-dimensional N = 1 SYM theory, one obtains an N = 4 SYM Yang-Mills theory in four dimensions having a global SU (4) R symmetry which is identified with the tangent space SO(6) of the extra dimensions [14, 15, 61] .
where, Φ i , Φ j , Φ k are the three chiral superfields of the theory. After the projection, the structure of the superpotential remains the same, encrypting only the interactions among the surviving fields of the N = 1 theory:
Dynamical generation of twisted fuzzy spheres
The superpotential W proj N =1 , (59), produces the scalar potential:
where, φ i are the scalar components of the superfield, Φ i . The potential V proj N =1 (φ) gets minimized by vanishing vevs of the fields, so, in order to result with solutions interpreted as vacua of a non-commutative geometry, some modifications have to take place. So, in order to result with minima of V proj N =1 (φ), soft N = 1 supersymmetric terms of the form
are included, with h ijk = 0 unless i + j + k ≡ 0 mod3. The introduction of SSB terms does not cause embarassement, since the presence of an SSB sector is necessary anyway for a model to have phenomenological viability, see e.g. [60] . The D-terms of the theory are given by
where T I are the generators, accommodated in the representation of the corresponding chiral multiplets. Therefore, putting all potential terms together, the total potential of the theory is:
An appropriate choice of the parameters m 2 i and h ijk of (61) is m 2 i = 1 and h ijk = ǫ ijk . Therefore, the scalar potential, (63) , takes the form:
8 The SSB terms that will be inserted into V proj N =1 (φ), are purely scalar. Although this is enough for our purpose, it is obvious that more SSB terms have to be included too, in order to obtain the full SSB sector [60] .
where F ij is defined as:
The first term of, (64), is positive, therefore, the global minimum of the potential is:
where (φ i ) † denotes the hermitian conjugate of φ i and [R 2 , φ i ] = 0. It is clear that the above relations are related to a fuzzy sphere. This gets even more transparent, after the consideration of the untwisted fields,φ i , defined by :
where Ω = 1 satisfies the relations:
Therefore, (66) reproduces the fuzzy sphere relations, generated byφ
demonstrating the fact that non-commutative space generated by φ i is actually a twisted fuzzy sphere,S 2 N . Next, configurations of the twisted fields, φ i , can be found, i.e. fields satisfying (66) . Such a configuration is:
where λ i (N ) are the SU (2) generators in the N -dimensional irreducible representation and Ω is the matrix:
According to the transformation (67), the "off-diagonal" orbifold sectors, (57) , take the block-diagonal form:
(72) The untwisted fields generating the ordinary fuzzy sphere,φ i , are in blockdiagonal form. Each block is considered as a fuzzy sphere, since each one satisfies the corresponding commutation relations (69) . In turn, the above configuration in (72) , that is the vacuum of the theory, has the form of three fuzzy spheres, with relative angles 2π/3. Concluding, the solution φ i can be viewed as the twisted equivalent of three fuzzy spheres, in accordance to the orbifolding. Note that the F ij of (65), can be interpreted as the field strength tensor of the spontaneously generated fuzzy extra dimensions. The term V D of the potential induces a change on the radius of the sphere (in a similar way to the case of the ordinary fuzzy sphere [34, 36, 62] ).
Chiral models after the fuzzy orbifold projection -
The
The resulting groups after the orbifold projection are various because of the different ways the gauge group SU (3N ) is spontaneously broken. The minimal, anomaly free unified models are SU (4) × SU (2) × SU (2), SU (4) 3 and SU (3) 39 . Let us focus on the breaking of the latter, that is the trinifica- [64, 65] (see also [66, 67, 68, 69, 70] and for a string theory approach see [50] ). At first, the integer N has to be decomposed as N = n + 3. Then, for SU (N ), the considered embedding is:
Therefore, the embedding for the gauge group SU (N ) 3 is:
The three U (1) factors are ignored 10 and the representations are decomposed according to (74) , as: 1,n; 1, 3, 1) . (75) Taking into account the decomposition (73) , the gauge group is broken to SU (3)
3 . Under SU (3) 3 , the surviving fields transform as: ((3,3, 1) + (3, 1, 3) + (1, 3,3) ) ,
which correspond to the desired chiral representations of the trinification group. Under SU (3) c × SU (3) L × SU (3) R , the quarks and leptons of the first family transform as:
respectively. Matrices for the other two families come in a similar way. It is worth noting that this theory can be upgraded to a two-loop finite theory (for reviews see [66, 71, 72, 73] ) and give testable predictions [66] , too. Additionally, fuzzy orbifolds can be used to break spontaneously the unification gauge group down to MSSM and then to the SU (3) c × U (1) em . Summarizing this section, we conclude that fuzzy extra dimensions can be used for constructing chiral, renormalizable and phenomenologically viable field-theoretical models. A natural extension of the above ideas and methods have been reported in ref [74] (see also [75] ), realized in the context of Matrix Models (MM). At a fundamental level, the MMs introduced by Banks-Fischler-Shenker-Susskind (BFSS) and Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT), are supposed to provide a non-perturbative definition of M-theory and type IIB string theory respectively [29, 76] . On the other hand, MMs are also useful laboratories for the study of structures which could be relevant from a low-energy point of view. Indeed, they generate a plethora of interesting solutions, corresponding to strings, D-branes and their interactions [29, 77] , as well as to non-commutative/fuzzy spaces, such as fuzzy tori and spheres [78] . Such backgrounds naturally give rise to non-abelian gauge theories. Therefore, it appears natural to pose the question whether it is possible to construct phenomenologically interesting particle physics models in this framework as well. In addition, an orbifold MM was proposed by Aoki-Iso-Suyama (AIS) in [79] as a particular projection of the IKKT model, and it is directly related to the construction described above in which fuzzy extra dimensions arise with trinification gauge theory [37] . By Z 3 -orbifolding, the original symmetry of the IKKT matrix model with matrix size 3N × 3N is generally reduced from SO(9, 1) × U (3N ) to SO(3, 1) × U (N ) 3 . This model is chiral and has D = 4, N = 1 supersymmetry of Yang-Mills type as well as an inhomogeneous supersymmetry specific to matrix models. The Z 3 -invariant fermion fields transform as bifundamental representations under the unbroken gauge symmetry exactly as in the constructions described above. In the future we plan to extend further the studies initiated in refs [74, 75] in the context of orbifolded IKKT models.
Our current interest is to continue in two directions. Given that the two approaches discussed here led to the N = 1 trinification GUT SU (3)
3 , one plan is to examine the phenomenological consequences of these models. The models are different in the details but certainly there exists a certain common ground. Among others we plan to determine in both cases the spectrum of the Dirac and Laplace operators in the extra dimensions and use them to study the behaviour of the various couplings, including the contributions of the massive Kaluza-Klein modes. These contributions are infinite or finite in number, depending on whether the extra dimensions are continuous or fuzzy, respectively. We should note that the spectrum of the Dirac operator at least in the case of SU (3)/U (1) × U (1) is not known.
Another plan is to start with an abelian theory in ten dimensions and with a simple reduction to obtain an N = (1, 1) abelian theory in six dimensions. Finally, reducing the latter theory over a fuzzy sphere, possibly with Chern-Simons terms, to obtain a non-abelian gauge theory in four dimensions provided with soft supersymmetry breaking terms. Recall that the last feature was introduced by hand in the realistic models constructed in the fuzzy extra dimensions framework.
Gravity as a gauge theory
In this section we recall the particularly interesting relation between gravity and gauge theories [80, 81, 82, 83] with ultimate aim to transfer it to the non-commutative framework.
4−dimensional gravity as a gauge theory
Employing the vielbein formulation of general relativity, we recall that it can be reproduced -at least at a kinematical level-if considered as a gauge theory of its isometries on the 4−dimensional Minkowski spacetime, i.e. as a gauge theory of the Poincaré algebra, iso(1, 3), which has ten generators: the four generators of local translations P a , a = 1, 2, 3, 4, and the six Lorentz transformations M ab , satisfying the commutation relations:
where η ab is the (mostly plus) Minkowski metric. In order to proceed with the gauging, one has to introduce a gauge field for each generator: the vielbein e µ a for translations and the spin connection ω µ ab for Lorentz transformations. The gauge connection will be:
transforming in the adjoint representation:
where the gauge transformation parameter is:
Therefore, one can calculate the transformations of the gauge fields:
but also, using the standard formula:
and expanding R µν (A) = R µν a (e)P a + 1 2 R µν ab (ω)M ab , one may result with the curvatures of the gauge fields:
The condition for vanishing torsion gives the expression of the spin connection with respect to the vielbein. The dynamics follow from the Einstein-Hilbert action:
which is not an action that results from gauge theory (Yang-Mills type). Thus, rigorously, only the kinematics of 4−dimensional gravity is obtained by gauge theory, not its dynamics.
3−dimensional gravity as a gauge theory
In the 3−dimensional case, gravity can be completely described as a gauge theory of the corresponding Poincaré algebra, as for the kinematcs as for the dynamics [39] . The 3−dimensional Einstein-Hilbert action is:
which, as Witten showed, is identical to a Chern-Simons gauge theory of the Poincaré algebra iso(1, 2). This algebra has six generators, three translations P a and three Lorentz transformations M a = ǫ abc M bc , with a = 1, 2, 3. Those generators satisfy the following commutation relations:
Following the same procedure for the gauging as in the 4−dimensional case, gauge connection and gauge parameters are written as:
and then one can calculate the gauge transformations and the curvature of the connection. After the appropriate choice of the quadratic form of the algebra, the resulting Chern-Simons action is identical to the Einstein-Hilbert action, (89). Furthermore, it was proved that the inclusion of a cosmological constant is also possible but then one has to gauge the dS or AdS algebra in three dimensions, so(3, 1) and so(2, 2) respectively. In this case the generators of the translations are not commutative any more, but they satisfy the relation:
where λ is the cosmological constant.
3−dimensional gravity as a gauge theory on non-commutative spaces
Having already studied gauge theories on non-commutative spaces (section 3), and given the strong relation between gravity and gauge theories in three dimensions, our purpose is to study gravity as a gauge theory on noncommutative spaces. In order to accomplish this goal, the first and important step is to identify the non-commutative space because it will be its isometry group the one that one would gauge in order to derive the kinematics and the action. A very interesting space is the foliation of the 3−dimensional Euclidean space by fuzzy spheres, first considered in ref [84] (see also [85] ). Noncommutative coordinates obey the algebra of SU (2), but, unlike the fuzzy sphere case, one does not consider the matrices to be proportional to the SU (2) generators in irreducible representations, but in reducible ones. The consideration of reducible representations results in the construction of large, block-diagonal matrices, with each block being an irreducible representation. Therefore the Hilbert space is:
This fuzzy space is known as R 3 λ and can be viewed as being given by three operators X i which satisfy:
living in reducible representations of su(2) (cf. [84] ). Allowing X i to live in a reducible representation is equivalent to considering a sum of fuzzy 2-spheres of different radii. Thus, this can be seen as a discrete foliation of 3D Euclidean space by multiple fuzzy 2-spheres, each being a leaf of the foliation 11 . (cf. [86] ).
The above space has an SO(4) symmetry [87] , which one would gauge. In this procedure, the need of including additional generators emerges, typical in non-Abelian non-commutative gauge theories, for the anticommutators to close. Therefore, the gauge theory considered in this case is the U (2) × U (2) in a fixed representation. Then, the procedure followed is the same as in the continuous case, adjusted to the non-commutative framework: First one has to establish the commutation and anticommutation relations of the generators:
Then, one has to introduce a gauge field for each generator and therefore, the gauge connection is obtained, which modifies the coordinates to their covariant form, that is:
The gauge parameter is valued in the Lie algebra, therefore it is defined as:
Using the above relations, one may end up with the transformations of the gauge fields. Also, using the covariant coordinates in the following relation:
one obtains the corresponding curvatures. Finally, the action proposed is:
Varying the above action one ends up with the equations of motion.
Conclusions
Kaluza and Klein gave a very insightful suggestion, in which geometry would lead to 4−dimensional gauge theories. Due to some difficulties, one was led to start with gauge theories in higher-dimensional theories and using the CSDR scheme (with support from the heterotic string), obtain 4−dimensional particle models, making contact with phenomenology. Going one step further, the employment of fuzzy coset spaces as extra dimensions gave the virtue of renormalizability to the higher-dimensional theories. Then, in order to find support for these scenarios from another direction, a 4−dimensional particle model that would incorporate the results of a dimensional reduction was built, in which, after suitable additions, a particular fuzzy space, i.e. the fuzzy sphere, was dynamically generated. Eventually, in order to get closer to a complete picture of all interactions, a 3−d gravity model was proposed, constructed on non-commutative spaces as a gauge theory of their symmetries. The ultimate aim is to obtain such models in four dimensions, with hopes for better u-v properties.
